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Question # 1: 
Find the general solution to the following differential equation using separation of variables: 

𝑦! = 𝑥𝑒!! 
Solution: 

𝑑𝑦
𝑑𝑥

= 𝑥𝑒!! 
Separating the variables: 

1
𝑒!!

𝑑𝑦 = 𝑥𝑑𝑥 
𝑒!!!𝑑𝑦 = 𝑥𝑑𝑥 

Integrating both sides: 

𝑒!!!𝑑𝑦 = 𝑥𝑑𝑥 

−
1
2
𝑒!!! =

𝑥!

2
+ 𝑐! 

𝑒!!! = −2
𝑥!

2
+ −2 𝑐! ,           ∴ −2𝑐! = 𝑐 

𝑒!!! = −𝑥! + 𝑐 
Taking natural log on both sides: 

ln 𝑒!!! = ln −𝑥! + 𝑐  
−2𝑦 = ln −𝑥! + 𝑐  

𝑦 = −
1
2
ln −𝑥! + 𝑐 ,   𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 
 

Question # 2: 
Find the general solution of the following equation using method of exact differential equations: 

2𝑥𝑦
𝑑𝑦
𝑑𝑥 + 𝑦

! − 2𝑥 = 0 
Solution: 

𝑦! − 2𝑥 𝑑𝑥 + 2𝑥𝑦 𝑑𝑦 = 0 
Check for exactness: 

𝑀 = 𝑦! − 2𝑥,   𝑁 = 2𝑥𝑦 



𝜕𝑀
𝜕𝑦

=
𝜕
𝜕𝑦

𝑦! − 2𝑥 = 2𝑦  ,    
𝜕𝑁
𝜕𝑥

=
𝜕
𝜕𝑥

2𝑥𝑦 = 2𝑦 

Hence:  
𝜕𝑀
𝜕𝑦

=
𝜕𝑁
𝜕𝑥

 

The given differential equation is exact. 
 
The general solution u (x, y) = c is given by: 

𝑢 𝑥, 𝑦 = 𝑀𝑑𝑥 + 𝑘 𝑦  

𝑢 𝑥, 𝑦 = 𝑦! − 2𝑥 𝑑𝑥 + 𝑘 𝑦  

𝑢 𝑥, 𝑦 = 𝑦!𝑥 −
2𝑥!

2
+ 𝑘 𝑦  

𝑢 𝑥, 𝑦 = 𝑦!𝑥 − 𝑥! + 𝑘 𝑦  
Now to find k (y) lets differentiate the above equation: 

𝑢 𝑥, 𝑦 =
𝜕
𝜕𝑦

𝑦!𝑥 − 𝑥! + 𝑘 𝑦 = 𝑁 𝑥, 𝑦  

𝑢 𝑥, 𝑦 = 2𝑦𝑥 + 𝑘! 𝑦 = 2𝑥𝑦 
𝑘! 𝑦 = 0 

Now integrate k’ (y): 

𝑘! 𝑦 𝑑𝑦 = 0𝑑𝑦 

𝑘 𝑦 = 𝑐! 
Now: 

𝑢 𝑥, 𝑦 = 𝑦!𝑥 − 𝑥! + 𝑐! 
The general solution is: 

𝑦!𝑥 − 𝑥! = 𝑐 
 

 
Question # 3: 
Solve the given Bernoulli’s equation: 

𝑑𝑦
𝑑𝑥 +

𝑦
𝑥 = 𝑦! 

Solution: 
𝑑𝑦
𝑑𝑥

− 𝑃 𝑥 𝑦 = 𝑄 𝑥 𝑦! 

𝑦! −
1
𝑥
𝑦 = 𝑦! → 1  

Now 𝑎 = 2 then: 
𝑢 = 𝑦!!! = 𝑦!!! ⇒ 𝑦!! 

Now differentiate u: 



𝑑𝑢
𝑑𝑦

= −𝑦!!!! = −𝑦!! 𝑜𝑟 𝑢! = −𝑦!!𝑦′ 

Multiply −𝑦!! with equ. (1): 

−𝑦!!𝑦! − −𝑦!!
1
𝑥
𝑦 = −𝑦!! 𝑦! 

−𝑦!!𝑦! +
1
𝑥
𝑦!!!! = −𝑦!!!! 

−𝑦!!𝑦! +
1
𝑥
𝑦!! = −𝑦! 

−𝑦!!𝑦! +
1
𝑥
𝑦!! = −1 → 2  

Now let put 𝑢! = −𝑦−2𝑦′,𝑢 = 𝑦−1: 

𝑢! +
1
𝑥
𝑢 = −1 → 𝐿𝑖𝑛𝑒𝑎𝑟𝑓𝑜𝑟𝑚 

𝑝 𝑥 =
1
𝑥

 , 𝑟 𝑥 = −1  

ℎ = 𝑝 𝑥 𝑑𝑥 =
1
𝑥
𝑑𝑥 = ln 𝑥 

Then:  

𝑢 = 𝑒!! 𝑒!𝑟𝑑𝑥 + 𝑐  

𝑢 = 𝑒!!"# 𝑒!" ! −1  𝑑𝑥 + 𝑐  

𝑢 = 𝑒! !" ! 𝑒 !" ! −1  𝑑𝑥 + 𝑐  

Applying exponent rule: 𝑒! !"! = 𝑒 !"! !!
 

𝑢 = 𝑒 !" ! !!
𝑒 !" ! −𝑥  𝑑𝑥 + 𝑐  

𝑢 = 𝑥!! 𝑥. −1  𝑑𝑥 + 𝑐  

𝑢 =
1
𝑥

−𝑥 𝑑𝑥 + 𝑐  

𝑢 =
1
𝑥
−
𝑥!

2
+ 𝑐  

𝑢 =
1
𝑥
−
𝑥!

2
+
𝑐
𝑥

 

𝑢 = −
𝑥
3
+
𝑐
𝑥

 

Now: 𝑢 = 𝑦!!, 𝑦 = 𝑢!! 

𝑦 = −
𝑥
3
+
𝑐
𝑥

!!
 

 
 

 Good Luck 


