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Question # 1: 
Solve the following Nonhomogeneous Differential equation using the Basic rule:  

𝑦!! − 2𝑦! − 3𝑦 = 𝑒!! 
Solution: 
Step#1: General solution of the homogeneous ODE: 

𝑦!! − 2𝑦! − 3𝑦 = 0 
The characteristic equation will be: 

𝜆! − 2𝜆 − 3 = 0 
Using Quadratic equation: 

𝜆 =
−𝑏 ± 𝑏! − 4𝑎𝑐

2𝑎  

𝜆 =
− −2 ± −2 ! − 4 1 −3

2  

𝜆 =
2± 4+ 12

2 =
2± 16

2 =
2± 4
2  

𝜆! =
2+ 4
2 =

6
2 ⇒ 3, 𝜆! =

2− 4
2 =

−2
2 ⇒ −1 

Then the general solution is: 
𝑦! = 𝑐!𝑒!! + 𝑐!𝑒!! 

Step#2: Solution yp of the non-homogeneous ODE: 
Let:  

𝑦 = 𝐴𝑒!! ,𝑦! = 2𝐴𝑒!! ,𝑦" = 4𝐴𝑒!! 
Substitute them back in the given nonhomogeneous ODE:  

4𝐴𝑒!! − 2 2𝐴𝑒!! − 3 𝐴𝑒!! = 𝑒!! 
4𝐴𝑒!! − 4𝐴𝑒!! − 3𝐴𝑒!! = 𝑒!! 

0− 3𝐴𝑒!! = 𝑒!! , 𝑜𝑚𝑖𝑡𝑡𝑖𝑛𝑔 𝑒!! 𝑔𝑖𝑣𝑒𝑠 

−3𝐴 = 1⟹ 𝐴 = −
1
3 

𝑦! = −
1
3 𝑒

!!  

Therefore: 

𝑦 = 𝑦! + 𝑦! = 𝑐!𝑒!! + 𝑐!𝑒!! −
1
3 𝑒

!!  



 
 
Question # 2: 
Solve the following Nonhomogeneous Differential equation using the Sum rule:  

3𝑦!! + 27𝑦 = 3 cos 𝑥 + cos 3𝑥 
Solution: 
Step#1: General solution of the homogeneous ODE: 

3𝑦!! + 27𝑦 = 0 
The characteristic equation will be: 

3𝜆! + 27 = 0 
Using Quadratic equation: 

𝜆 =
−𝑏 ± 𝑏! − 4𝑎𝑐

2𝑎  

𝜆 =
− 0 ± 0 ! − 4 3 27

2 3  

𝜆 =
0± −324

6  

𝜆! = +
𝑖18
6 ⇒ +𝑖3 , 𝜆! = −

𝑖18
6 ⇒ −𝑖3 

Then the general solution is: 
𝑦! = 𝑒!!! 𝐴 cos 3𝑥 + 𝐵 sin 3𝑥  

𝑦! = 𝐴 cos 3𝑥 + 𝐵 sin 3𝑥 
Step#2: Solution yp of the non-homogeneous ODE: 
Let:  
Since 𝑟 𝑥 = 3 cos 𝑥 + cos 3𝑥, use the sum rule: 

𝑦! = 𝑦!! + 𝑦!! 
Where we will apply the basic rule to find yp1 and yp2:  

𝑦!! ⟹ 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑠 𝑡𝑜 3 cos 𝑥 
𝑦!! ⟹ 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑠 𝑡𝑜 cos 3𝑥 

𝑟! 𝑥 = 3 cos 𝑥 ⇒  𝑦!! = 𝐾! cos 𝑥 +𝑀! sin 𝑥 
𝑟! 𝑥 = cos 3𝑥 ⇒  𝑦!! = 𝐾! cos 3𝑥 +𝑀! sin 3𝑥 

yp2 happens to be a solution of the homogeneous ODE, so we have to multiply it by x (The 
Modification rule):  

𝑦!! = 𝐾!𝑥 cos 3𝑥 +𝑀!𝑥 sin 3𝑥 
𝑦! = 𝑦!! + 𝑦!! ⇒ 𝐾! cos 𝑥 +𝑀! sin 𝑥 + 𝐾!𝑥 cos 3𝑥 +𝑀!𝑥 sin 3𝑥 

𝑦′! = −𝐾! sin 𝑥 +𝑀! cos 𝑥 + 𝐾! cos 3𝑥 − 𝐾!3𝑥 sin 3𝑥 +𝑀! sin 3𝑥 +𝑀!3𝑥 cos 3𝑥 
𝑦′′! = −𝐾! cos 𝑥 −𝑀! sin 𝑥 − 3𝐾! sin 3𝑥 − 3𝐾! sin 3𝑥 − 9𝐾!𝑥 cos 3𝑥 + 3𝑀! cos 3𝑥

+ 3𝑀! cos 3𝑥 − 9𝑀!𝑥 sin 3𝑥 
𝑦′′! = −𝐾! cos 𝑥 −𝑀! sin 𝑥 − 6𝐾! sin 3𝑥 − 9𝐾!𝑥 cos 3𝑥 + 6𝑀! cos 3𝑥 − 9𝑀!𝑥 sin 3𝑥 

Substitute in the ODE:  
3 −𝐾! cos 𝑥 −𝑀! sin 𝑥 − 6𝐾! sin 3𝑥 − 9𝐾!𝑥 cos 3𝑥 + 6𝑀! cos 3𝑥 − 9𝑀!𝑥 sin 3𝑥

+ 27 𝐾! cos 𝑥 +𝑀! sin 𝑥 + 𝐾!𝑥 cos 3𝑥 +𝑀!𝑥 sin 3𝑥 = 3 cos 𝑥 + cos 3𝑥 
−3 𝐾! cos 𝑥 − 3 𝑀! sin 𝑥 − 18 𝐾! sin 3𝑥 − 27 𝐾!𝑥 cos 3𝑥 + 18 𝑀! cos 3𝑥 − 27𝑀!𝑥 sin 3𝑥

+  27𝐾! cos 𝑥 + 27𝑀! sin 𝑥 + 27𝐾!𝑥 cos 3𝑥 + 27𝑀!𝑥 sin 3𝑥 = 3 cos 𝑥 + cos 3𝑥 



cos 𝑥 −3 𝐾! + 27𝐾! + sin 𝑥 −3 𝑀! + 27𝑀! + 18 𝑀! cos 3𝑥 − 18 𝐾! sin 3𝑥
+ 𝑥 cos 3𝑥 −27 𝐾! + 27 𝐾! + 𝑥 sin 3𝑥 −27𝑀! + 27𝑀! = 3 cos 𝑥 + cos 3𝑥 

cos 𝑥 24 𝐾! + sin 𝑥 24 𝑀! + 18 𝑀! cos 3𝑥 − 18 𝐾! sin 3𝑥 + 𝑥 cos 3𝑥 0 + 𝑥 sin 3𝑥 0
= 3 cos 𝑥 + cos 3𝑥 

cos 𝑥 24 𝐾! + sin 𝑥 24 𝑀! + 18 𝑀! cos 3𝑥 − 18 𝐾! sin 3𝑥 = 3 cos 𝑥 + cos 3𝑥 
Equating the coefficients of cos x, sin x, sin 3x and cos 3x on both sides gives: 

24 𝐾! = 3
24𝑀! = 0
18 𝑀! = 1
−18 𝐾! = 0

=

𝐾! =
3
24

𝑀! =
0
24

 𝑀! =
1
18

 𝐾! = −
0
18

⇒

𝐾! =
1
8

𝑀! = 0

 𝑀! =
1
18

 𝐾! = 0

 

Substituting above values in yp , we have: 

𝑦! =
1
8 cos 𝑥 + 0 sin 𝑥 + 0 𝑥 cos 3𝑥 +

1
18 𝑥 sin 3𝑥 

𝑦! =
1
8 cos 𝑥 +

1
18 𝑥 sin 3𝑥 

Therefore: 
𝑦 = 𝑦! + 𝑦! 

𝑦 = 𝐴 cos 3𝑥 + 𝐵 sin 3𝑥 +  
1
8 cos 𝑥 +

1
18 𝑥 sin 3𝑥 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

 
 Good Luck 


