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Question # 1: 
Solve the following equation:  

𝑥𝑦!! + 2𝑦′ = 0 
Solution: 
The general Euler-Cauchy equation is: 

𝑥!𝑦"+ 𝑎𝑥𝑦′+ 𝑏𝑦 = 0 → 1  
We have the auxiliary equation: 

𝑚! + 𝑎 − 1 𝑚 + 𝑏 = 0 → 2  
𝑥𝑦!! + 2𝑦! = 0, 𝑡𝑜 𝑚𝑎𝑘𝑒 𝑖𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑥 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 

𝑥!𝑦!! + 2𝑥𝑦′ = 0 → 3  
Comparing equation (1) and (3) we have: 

𝑎 = 2 𝑎𝑛𝑑 𝑏 = 0 
Then the auxiliary equation will be: 

𝑚! + 2− 1 𝑚 + 0 = 0 
𝑚! +𝑚 = 0 
𝑚 𝑚 + 1 = 0 

𝑚 = 0 &  𝑚 + 1 = 0 ⇒ 𝑚 = −1 
Then the general solution is: 

𝑦 𝑥 = 𝑐!𝑥! + 𝑐!𝑥!! 
𝑦 𝑥 = 𝑐! + 𝑐!𝑥!! 

 
 
Question # 2: 
Solve the Initial Value Problem:  

𝑥!𝑦!! + 𝑥𝑦! + 9𝑦 = 0, 𝑦 1 = 0,𝑦! 1 = 2.5 
Solution: 
The general Euler-Cauchy equation is: 

𝑥!𝑦"+ 𝑎𝑥𝑦′+ 𝑏𝑦 = 0 → 1  
We have the auxiliary equation: 

𝑚! + 𝑎 − 1 𝑚 + 𝑏 = 0 → 2  
𝑥!𝑦!! + 𝑥𝑦! + 9𝑦 = 0 → 3  

Comparing equation (1) and (3) we have: 



𝑎 = 1 𝑎𝑛𝑑 𝑏 = 9 
Then the auxiliary equation will be: 

𝑚! + 1− 1 𝑚 + 9 = 0 
𝑚! + 0 𝑚 + 9 = 0 

𝑚! + 9 = 0 
Using Quadratic equation: 

𝑚 =
−𝑏 ± 𝑏! − 4𝑎𝑐

2𝑎  

𝑚 =
−0± 0! − 4 1 9

2 1  

𝑚 =
−0± −36

2 ⟹ 𝑚 = ±
𝑖6
2 = ±𝑖 3 

𝑚! = +𝑖3 & 𝑚! = −𝑖3  
𝑚 = −9⟹ 𝑚 = 𝑖 3 

This is Case # 3 where we have a complex conjugate root, hence the general solution will be: 
𝑦 𝑥 = 𝑥! 𝐴𝑐𝑜𝑠 𝛽 ln 𝑥 + 𝐵𝑠𝑖𝑛 𝛽 ln 𝑥  

Where: 
𝛼 = 𝑅𝑒𝑎𝑙 𝑝𝑎𝑟𝑡 𝑎𝑛𝑑 𝛽 = 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑝𝑎𝑟𝑡 

Hence: 
𝑦 𝑥 = 𝑥! 𝐴𝑐𝑜𝑠 3 ln 𝑥 + 𝐵𝑠𝑖𝑛 3 ln 𝑥  
𝑦 𝑥 = 𝐴𝑐𝑜𝑠 3 ln 𝑥 + 𝐵𝑠𝑖𝑛 3 ln 𝑥 → 4  

Now for Particular solution, let’s differentiate equation (4): 

𝑦! 𝑥 = −
3𝐴
𝑥 𝑠𝑖𝑛 3 ln 𝑥 +

3𝐵
𝑥 𝑐𝑜𝑠 3 ln 𝑥 → 5  

Now put the initial value conditions in equation (4) & (5): 
𝑦 1 = 0,𝑝𝑢𝑡 𝑖𝑛 𝑒𝑞𝑢(4) 

𝑦 1 = 𝐴𝑐𝑜𝑠 3 ln 1 + 𝐵𝑠𝑖𝑛 3 ln 1  
0 = 𝐴𝑐𝑜𝑠 0 + 𝐵𝑠𝑖𝑛 0  

0 = 𝐴 1 + 𝐵 0 ⟹ 𝐴 = 0 
𝑦! 1 = 2.5,𝑝𝑢𝑡 𝑖𝑛 𝑒𝑞𝑢 (5) 

𝑦! 1 = −
3𝐴
1 𝑠𝑖𝑛 3 ln 1 +

3𝐵
1 𝑐𝑜𝑠 3 ln 1  

2.5 = −3𝐴𝑠𝑖𝑛 0 + 3𝐵𝑐𝑜𝑠 0  
2.5 = −3𝐴 0 + 3𝐵 1 ⟹ 2.5 = 0+ 3𝐵 

3𝐵 = 2.5⟹ 𝐵 = 0.8333 
Then substituting values of A and B back in equation (4) we have, 

𝑦 𝑥 = 0𝑐𝑜𝑠 3 ln 𝑥 + 0.8333𝑠𝑖𝑛 3 ln 𝑥  
𝑦 𝑥 = 0.8333 𝑠𝑖𝑛 3 ln 𝑥  

 
 
 
 

 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 Good Luck 


