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Question # 1: 
Solve the given Linear Differential equation of first order and find its Particular solution: 
 

𝑦! +
1
𝑥
𝑦 = sin 𝑥 ,            𝑦 𝜋 = 1 

Solution: 

The differential equation is already in standard form. Since 𝑝 𝑥 = !
!

 𝑎𝑛𝑑 𝑟 𝑥 = sin 𝑥. 
The integrating factor is:  

ℎ = 𝑝 𝑥 𝑑𝑥 =
1
𝑥
𝑑𝑥 = ln 𝑥 

Using:  

𝑦 = 𝑒!! 𝑒!𝑟𝑑𝑥 + 𝑐  

𝑦 = 𝑒! !" ! 𝑒 !" ! sin 𝑥 𝑑𝑥 + 𝑐  

Applying exponent rule: 𝑒! !"! = 𝑒 !"! !!
 

𝑦 = 𝑒 !" ! !!
𝑒 !" ! sin 𝑥 𝑑𝑥 + 𝑐  

Exponential and natural log will cancel out each other then:  
 

𝑦 =
1
𝑥

𝑥 sin 𝑥 𝑑𝑥 + 𝑐 → 1  
Applying integration by parts: 𝑢𝑣′ = 𝑢𝑣 − 𝑢′𝑣 

𝑥 sin 𝑥 𝑑𝑥 ,       𝑢 = 𝑥 𝑎𝑛𝑑 𝑣! = sin 𝑥 

𝑢! = 1 𝑎𝑛𝑑  𝑣 = sin 𝑥 𝑑𝑥 = − cos 𝑥 
Now: 

𝑥𝑠𝑖𝑛 𝑥𝑑𝑥 = 𝑥 − cos 𝑥 − 1 − cos 𝑥 𝑑𝑥 



𝑥𝑠𝑖𝑛 𝑥𝑑𝑥 = −𝑥𝑐𝑜𝑠 𝑥 − −𝑐𝑜𝑠 𝑥𝑑𝑥 

𝑥𝑠𝑖𝑛 𝑥𝑑𝑥 = −𝑥𝑐𝑜𝑠 𝑥 + 𝑐𝑜𝑠 𝑥𝑑𝑥 

𝑥𝑠𝑖𝑛 𝑥𝑑𝑥 = −𝑥𝑐𝑜𝑠 𝑥 + sin 𝑥 
Now put this back in equ (1) gives: 

𝑦 =
1
𝑥
−𝑥 cos 𝑥 + sin 𝑥 + 𝑐  

𝑥𝑦 = −𝑥 cos 𝑥 + sin 𝑥 + 𝑐,    𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
For particular solution lets use Initial condition 𝑦 𝜋 = 1: 

𝜋. 1 = −𝜋 cos𝜋 + sin𝜋 + 𝑐 
𝜋. 1 = −𝜋 −1 + 0 + 𝑐 

𝑐 = 𝜋 − 𝜋 = 0 
Hence the final particular solution is: 

𝑥𝑦 = −𝑥 cos 𝑥 + sin 𝑥  𝑜𝑟 𝑦 =
sin 𝑥
𝑥

− cos 𝑥 ,𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
 

 
Question # 2: 
Solve the given Bernoulli’s equation: 
 

𝑦! −
1
𝑥
𝑦 = 𝑥𝑦! 

Solution: 

𝑦! −
1
𝑥
𝑦 = 𝑥𝑦! → 1  

Now 𝑎 = 2 then: 
𝑢 = 𝑦!!! = 𝑦!!! ⇒ 𝑦!! 

Now differentiate u: 
𝑑𝑢
𝑑𝑦

= −𝑦!!!! = −𝑦!! 𝑜𝑟 𝑢! = −𝑦!!𝑦′ 

Multiply −𝑦!! with equ. (1): 

−𝑦!!𝑦! − −𝑦!!
1
𝑥
𝑦 = −𝑦!! 𝑥𝑦! 

−𝑦!!𝑦! +
1
𝑥
𝑦!!!! = −𝑥𝑦!!!! 

−𝑦!!𝑦! +
1
𝑥
𝑦!! = −𝑥𝑦! 

−𝑦!!𝑦! +
1
𝑥
𝑦!! = −𝑥 → 2  

Now let put 𝑢! = −𝑦−2𝑦′,𝑢 = 𝑦−1: 

𝑢! +
1
𝑥
𝑢 = −𝑥 → 𝐿𝑖𝑛𝑒𝑎𝑟𝑓𝑜𝑟𝑚 



𝑝 𝑥 =
1
𝑥

 , 𝑟 𝑥 = −𝑥  

ℎ = 𝑝 𝑥 𝑑𝑥 =
1
𝑥
𝑑𝑥 = ln 𝑥 

Then:  

𝑢 = 𝑒!! 𝑒!𝑟𝑑𝑥 + 𝑐  

𝑢 = 𝑒!!"# 𝑒!" ! −𝑥  𝑑𝑥 + 𝑐  

𝑢 = 𝑒! !" ! 𝑒 !" ! −𝑥  𝑑𝑥 + 𝑐  

Applying exponent rule: 𝑒! !"! = 𝑒 !"! !!
 

𝑢 = 𝑒 !" ! !!
𝑒 !" ! −𝑥  𝑑𝑥 + 𝑐  

𝑢 = 𝑥!! 𝑥. −𝑥  𝑑𝑥 + 𝑐  

𝑢 =
1
𝑥

−𝑥! 𝑑𝑥 + 𝑐  

𝑢 =
1
𝑥
−
𝑥!

3
+ 𝑐  

𝑢 =
1
𝑥
−
𝑥!

3
+
𝑐
𝑥

 

𝑢 = −
𝑥!

3
+
𝑐
𝑥

 

Now: 𝑢 = 𝑦!!, 𝑦 = 𝑢!! 

𝑦 = −
𝑥!

3
+
𝑐
𝑥

!!

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 

 Good Luck 


